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DECAY OF SOLUTIONS OF DAMPED KIRCHHOFF AND BEAM
EQUATIONS

J.V. KALANTAROVA!, G.N. ALIYEVA?

ABSTRACT. We obtain uniform estimates for solutions of second-order nonlinear nonautonomous
differential-operator equation in a Hilbert space with structural damping. It is shown that when
the given source term in the equation tends to zero as ¢ — oo, the corresponding solution of
the Cauchy problem for this equation also tends to zero as t — oo. Exponential decay of so-
lutions for the corresponding autonomous equation is also obtained. Applications to the initial
boundary value problems for some nonlinear Kirchhoff type and beam equations are given.
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1. INTRODUCTION
We consider the Cauchy problem for differential-operator equation of the form

ug + vA%u + <a+d||A%u||2> Au + A%y = f(1), )
u(0) = ug,ut(0) = uq,
in a Hilbert space H with inner product (-, -) and the corresponding norm ||-||. Here A : D(A) —
H is a positive definite self-adjoint operator with dense domain D(A) C H and compact inverse.
Assume also that f € L2(R*; H) is a given vector function, v >0, >0, b> 0, d > 0; 6 > 0
are given parameters. Here and in what follows we are using the notations and inequalities:
2
® U = %U, Utt = %U
e D<A < A <--- <\, -+ - are the eigenvalues corresponding to the orthonormal system
of eigenvectors wi, wa, -+ , Wy, - - - of the operator A.

o0
o A%u =3 N(u,wy), 0€R.
k=1
e Poincaré type inequalities:
1AZu))? > M[lu|®, u € D(A2), 0>0; [[A2u]?> M "|A%u|?, u e D(A?7), 0¢€[0,1]. (2)

A strong solution of the problem (1) is a function u € L*(0, T} D(AH%)),
up € L0, T D(Ag)) that satisfies the equation (1) in the sense of distributions.
The original nonlinear Kirchhoff equation
L

O (z,t) — | a+ b/[@xu(x,t)}de Ou(z,t) =0, (3)
0
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where o > 0,b > 0 are given parameters, has been introduced by Kirchhoff [9] to describe the
vibration of string of length L with constant cross section. As far as we know the first paper
devoted to the mathematical analysis of this equation is the famous paper of S.N. Bernstein [2].
In this paper, it is proved the existence of global in time analytic solution (3) on an interval of
real line under the homogeneous Dirichlet’s boundary conditions.

Woinowsky-Krieger introduced the equation

L
R t)— [atb / (e, £)]2de | D2u(w, ) + Otu(z, ) = 0, (@)
0
to model the transverse motion of an extensible beam.

There are many publications devoted to the problem of global solvability and asymptotic
behavior of solutions of the initial-boundary value problems for damped Kirchhoff and beam
equations (see, e.g., [3], [5], [7], [8], [10], [11], [13], [15], [16] and references therein). All of these
papers are devoted to nonlinear equations with weak, strong or nonlinear damping terms.

We studied the global in time behavior of solutions of the Cauchy problem for second-order
nonlinear nonautonomous differential operator equation with structural damping term. Our
main results are the estimates (5), (26), (34) and (37) for weak and strong solutions of the prob-

(o9}
lem (1). These estimates imply uniform boundedness of solutions in the case when [ || f(¢)|/x is

bounded. It follows that the solutions tend to zero as t — oo when ||f(¢)|| = O as t B) 00. More-
over the obtained estimates imply exponential decay to zero of solutions of the corresponding
autonomous equation ( i.e. the equation (1) when f(¢) = 0.) These results allow us to get decay
estimates for solutions of structurally damped Kirchhoff equation, beam equations and some of
modifications of these equations.

2. ESTIMATES OF SOLUTIONS

First we prove the following theorem about a weak solution of the problem (1) with
v >0, 6€]0,2],ie., afunction u € L>°(0,T; D(A)), us € L>(0,T; H)NL*(0,T; D(A%)) which
satisfies the equation (1) in the sense of distributions.

Theorem 2.1. Suppose that ug € D(A), w1 € H and f € L*(0,T;H), VT > 0. Then, for the
weak solution of the problem (1) the following estimate holds true:

lueI? + vl Au(®)|? + al A2 u()|? + b A2 u()|? < Mo(t), ¥t € RY, ()
where My(t) depends on initial data and the source term f. Moreover My(t) — 0 as t — oo if
If@| — 0 ast — oo.
Proof. Multiplying the equation (1) by u; + eu with some € > 0, we get

d |1 v o, 1 d, 1 be, .o
| Sl + 2wl + S ATl + JIAT ) + e, ) + [ ATl

%) 1 1
+ev||Aul® + 0| A2ug|® — ellug|® + ea| Azu||? +ed|| Azu|l* = (f(t), u +eu). (6)
By using the Cauchy-Schwarz inequality and the Poincaré type inequality (2) we get
1

2]
2

3 2]
ellue]|* < FHA?W!V, [(f(8), w)] <
1 )\1

0 b 9 2 1 )
< — -
lAzue[llF O = 7 1Az ue]|” + b)\({Hf(t)H ;
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(IO, 0] < X, P AR < S lAabul + IO

Employing these inequalities we obtain from (6) that

d 2 3 € o 9, 3 L2 L4
G0:0) + vl ul? + (G0 ) 4T+ Jacl bl + edl bl
1 € 2
<=+ =) IIr®I?, (7
S LY
where
1 2 v 2 « 1 2 d 1 9 be 0 2
Dc(t) = Slluell” + Sl Aull” + S A2 u]l” + Z[[A2ul|” + e(u, ue) + - [[A>ull”. (8)
2 2 2 4 2
Since |]Agu\|2 > M|Jul|?, we have | (u, us)| < §llue]|* + 82)\1_9]\A%u||2. Therefore, for ¢ < %
we obtain the following estimate from below for the function ®.(#) :
1 v a, 1 d, .1 be, o
D) > ol + 2 Au? + S abu? + Dabugt 4 patue, o)
Let us rewrite (7) in the following form
d
7 2e(t) +0%(t) + [He(t) — 02:(1)] < Fa(2), (10)

where § < ¢ is some positive parameter which will be chosen below, Fi(t) := (ﬁ + a%\l) HGIE
1

and

3 € ] 3 1 1
H.(t) := ev||Aul|® + <4b — /\9> | A2 + ZaEHA2uH2 + ed|| Az u||t.
1

Let us show that € > 0, § > 0 can be chosen so that H.(t) — 0®.(t) > 0. In fact employing, the
inequalities

elluel|? < eATO | AZ w2, (11)
1 1
bl (ww)| < 0N [ AT w” + S0eA [ A%l (12)
we obtain
ov 9 3 e 1. . _p 4] 0 9
H.(t) — 60.(t) > (gy - 2) | Au)? + <4b ~3 50N = M{) A2 |

obe

3 1 1
Zae — S8 — =T =
—|—< Qe a = 50eA 2/\?_1

1 2 _ﬁ 1 4
Cae -3 )HA2uH e - PlAR (13)

First we choose € = %bA?. Then, we can choose § < ¢ small enough and see that
H.(t) — 0D (t) > %HA%utHQ. Thus (6) implies the inequality

d b
(1) + 62:(1) + ]| A2 wi]]” < Fi (1), (14)
Hence
t
(1) < D (0)e— 4+ = / ||y (7). (15)
0

From this inequality and (9) we deduce that
el + v Aul® + o AZu + bl| A u]
< Qoe™"" + Q1llfll72(0.401) = Mo(t), VE>0, (16)
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where Qg > 0 is a parameter depending on initial data, ()1 depends on the parameters of the
equation.
On the other hand (15) implies that if || f(¢)|| — 0 as t — oo then

E1(1) = [luell? + vl Aull? + ol AZul| + b|A%ul? = 0, as ¢ — co. (17)

Let us consider the problem (1) with v =0 and 6 € (0, 1], i.e. the problem

Ugt + (a—i—dHA%uHQ) Au+bA%y = f(t), (18)
u(0) = uo, ut(0) = us.

The equality (6) in this case takes the form

d[1 o, 1 d, 1 be o
— | Sluel® + S 1 A2ul® + | AZul|* + e(u, ) + — || Az ul?
2 2 4 2
2 2 2 L2 L4
+ 0| AZue||” — ellue]|” + eal|AZul|” + ed||AZul|® = (f(t), us +eu). (19)

Now, we use the inequalities

IS
20&)\1

_1 1 1 1
[(eu, f)I < Ay ?[[Azul[|l F(#)]] < §€CV||AQU||2 + [HOlR

—0) 48 S48 —0y 42 1
elludll* < AT Az w, () u)l < A7 [ Azl FON < A’ AZu* + LI @)
and infer from (19) that

d 0 0 2 1 1 2 1 4 g 1 2

- _ - < il

dtJE(t)+(b 2e\]7)|[A2we||” + 2604|]A2u|] +ed||Azu||* < Sy + 1 f@)|°, (20)
where

1 a1 d. 1 be, .o
Jo() = Sl + SR + JIAT ) + (o, w) + | A ul

By choosing € < gg := i)\?b we obtain from (20) the inequality

d b, o 1
() + AT w]? + Seoal Azul + eod]| A2ul* < DollF D), (21)
with Dy = 525~ + ﬁ. Similar to how it was done when deriving (14) we can choose §; > 0

small enough such that

%Je(t) +01J-(t) < Dol f ()|

Integrating the last inequality
1 _
lus(0)]1* + | Azu(®)|* < Qoe™ + Qullfll 7204y := Mor(t), VE>0. (22)

Now, we will obtain estimate of a strong solution to the problem (18) with 6 € [,1], i.e. a
function u € L®(R*; D(A?)), u; € L°°(R™T; H), that satisfies the equation (18) in the sense of
distributions.

Assume that
ug € D(AY), uy € H, f e L*R"; H).
Multiplication of (18) by A%u gives
d

[ 1,0 1 6,1
5520 — 1AZue||* + ol A2+ 2] + d)| Azul*| A2 F 2 ull? = (£(2), A%), (23)
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where ,
Eo(t) == 5HA%HQ + (ug, A%).
Next, we multiply (23) by n > 0 and add to (21):

d b 1
dﬂéaw+n&un+(2—n)w£WW+mwM%%mP+Qwawﬁmﬁ+wam%m4
< DollF(8)|12 + nl(F (), Al (24)
Since

60— 1,9
nl(£(), A%)| < nll O A% < mAl D2 A+ 5| £(2)
1 1.0 79—
< gnall A2 zull® + SEATF ()1,

we use the last inequality in (24) and choose 1 € (0, ) we obtain

d b 1 1
7 a0 (0) 4 nEa()] + J1AZw ] + Snall AT 2ul + Seoal| A2ul* + eod] A7
< Do+ 5= MO (25)

Similar to (13) we can show that for some d2 > 0,

b, e 1 1,0 1 1 1

Az + Snal A2 2ul* + Seoal| Azul® + cod|| Azul[* = 62 [0 (£) + néa(t)] > 0, ¥t >0
and deduce form (25) that

& Uaa(t) + mE(8)] + 62 Ly (8) + nE2(0)] < (Do + 2L N7 (1)

which implies that
Jeo(t) +né2(t) < G(t)

where G(t) — 0 as t — 0 if ||f(¢)]| — 0 as t — co. Remembering that ||us(t)]|?> < Moi(t) (see
(22)) and taking into account the inequality

b 1
E(t) > ZHAQUHZ - EHUtHZa
we obtain the desired result:

Theorem 2.2. Ifu(t) is a strong solution of the problem (1) withv =0, 6 € [3,1], up € D(A?),
up € H and f € L?>(0,T; H), then the strong solution of the problem satisfies the estimate

IA%u(@)I* + lue()]* < R(t), V€ R, (26)

where R(t) — 0 as t — oo when || f(t)|| = 0 as t — .
Moreover if f(t) = 0, then ||A%u(t)||> + ||u(t)||? tends to zero as t — oo with an exponential
rate.

Decay estimates for the problem (1) with v > 0: Assume that u is a strong solution
of the problem (1) with v > 0, 6 € [1,2] that is the function u € LOO(]RJF;D(AHg)) with
up € L®(RT; D(Ag)) which satisfies the equation (1) in the sense of distributions and suppose
that ug € D(AHg), u; € D(A?), f € L>(RT; H). First we multiply the equation (1) by A%u :

d b 0 0 1,6
p (ur, A%u) + §|!A€u||2 — [|[Azug||® + v]| A 2w + ol A2 20| < (f(1), A%).
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Addition of the last inequality multiplied by n > 0 with (14) gives us the inequality
d 0 1.0 b [
2 Un(t) + [| AT 2| ol A2 2| + 50 (1) + (3~ M A2u* < Fi(t) +n(f (1), A%w), (27)
where
b
Uy = @c(t) + [nue, A%) + B A%

Utilizing the inequality

— 4 nv 3 Ul
@), A% <2 A ) < AT b + )
1

and choosing 1 < % we can rewrite (27) in the following form

d

%Un(t) + kU, (t) + H(t) — U, (t) < F(1), (28)

where kK > 0 |

v o 1,0 b ]
H(t) = WAl 4ol AT Sl 4 60a(0) + (5 — )l A,

and F(t) := Fi(t) + 2X%Q(,Hf(t)HQ Now, we can choose £ > 0 small enough (depending on the
VA

parameters of the equation) such that
H(E) = KUy (8) = i [ A5l + | 45w

with some x1 > 0 and hence

d 0 0
SU(E) + kU(E) + r [ A 5wl 4 |45 w) < F (). (29)
Integrating the last inequality we get the estimate

el + | Aull* + | A%l* < My (2), vt eRY. (30)

Now we multiply the equation (1) by A%u; and obtain that

| =

(1145 we][2 + v]| A5 u)? + a]| A3+ 5w

N |
QU

t
1 b 1
+ d|| Azl P(Au, A%uq) + 0| A2 < (f(1), A%up) < || A%y + gllf(t)H2- (31)
On the other hand

1 b 1. 1
|AZu]|?|(Au, A%u;)| < 1||A‘9Ut||2 + E||A2u||4||Au||2

b 1.5 1 b 1.5
< DA%l + DRl A% < 2 A% NP Mo(1) ().
Thus (31) implies:
d 8 e 149 1o 1p0 0001 byg o219 99 2
(ARl + v AT Sl + | AT Rl + 24T < D MO0PR). (32)
Adding the last inequality and (29) yields
d
ﬁvv(t) + kU () + K1 [HA”%uH2 + ||AgutH2 < G(t), (33)

where
Vy(t) = [[Au|? + v A 2ulf? + al| A7 5?4+ U, (t)
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and G(t) := F(t) + %)\%*QHMO(tVR(t). The last inequality implies existence of v > 0 such
that p
SVA0) V5 (1) < G(0).
Integrating this inequality we obtain the estimate

t
1A w||? + V]| AY2u))? + al| A2 5 ul? < QoV4(0)e ™ + Qs /Q(T)df-
0

So we proved the following Theorem:

Theorem 2.3. If up € D(AHg), u; € D(A%), f € L*(RY; H) and u is a strong solution of the
problem (1) with v > 0, 0 € [1,2] Then, the following estimate holds true:

|AZus(8)||2 + v|| A 2u(t)|? < Lo(t), VteRT, (34)

where Lo(t) depends on initial data and the source term f. Moreover Lo(t) — 0 as t — oo if
If(@t)]| — 0 as t — oo.
Analog of the Theorem 2.1, i.e., the following corollary holds also for solutions of the problem
ur + vA%u + (a + dHA%uH2> Au+ bA%; + (Au, up) Au = f(2), (35)
u(0) = ug, u(0) = uy.

Theorem 2.4. If§ € [0,2], ui € H, up € D(A) and f € L*(0,T; H), then the weak solution of
the problem (35) satisfies the estimate

(1) = [lue()|1” + [ Au(@®)|]” < Ma(t), ¥ eRY. (36)
If0 € [1,2], uy € D(A?), uo € D(A'*2) and f € L2(0,T; H), then
To(t) == | AZuy()|% + [|A T 2u(t)||2 < Ms(t), ¥ €RT. (37)

where M;(t) = 0 (7 =2,3) ast — oo and [1(t), I2(t) tend to zero with an exponential rate,
if f(t) =0.

In fact multiplication of (35) by u¢ + cu gives

d |1
= (5wl + Sl Aul? + Sl A2ul? +

d b
EE bl + o) + A%
+ (Au,ug)? + b A%y |2 — ellug])? + ev|| Aul|® + el AZul® + ed]| Azul|*
1 €
= (O w+0) < ellalP +elul? + (1 + 5) £ (39
Employing the inequality (2) and choosing e < ${bA{,vA?} we obtain from (38) that
d €, .1 v b, e 1 1 €
B0+ SIAHIT 4 S1AP + (A + AR wl? +ealabul? < (4 ) IFOIP, 69

where ®.(t) is defined in (8). Having the last estimate we can deduce the estimate (36) similar
to the proof of Theorem 2.1. If § € [1,2] we multiply (35) by A%u; + 0 A% :

d
T Ho (1) + 20 A% | + 2d|| Az u|| 2 (Au, A%u) + 200| A Su||? + 200 A2 T 5|2

+ ZJdHA%u|]2(Au, Alu) — 20||Agut]|2 =2(f(t), A%y + 0 A%u), (40)
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where
% 0 0
Hy(t) = || AZu||? + v| A 20| + of| A2 2u)|? + 20 (ug, A%u) + ob|| A%ul|?.
Utilizing the Poincaré type inequalities (2) and the estimate (36) we get:

2

1 A2 1 d
2d|| Az ul|?|(Au, A%uy)| < of| A%u|? + ;2||A§U||4||AU||2 < 9| A%u|? + )\TSQ[MAt)]G’
1

20d|| Azu2|(Au, A%u)| < 204X 72| A2 ul || Au]|| ATy

1
smm%%W+gwwﬁﬂmmﬁ

[ 0 1
2[(f(t), A%y + 0 A%u)| < ea| Azw||? + 3] AT 2u|? + <52 = 29> I (@)1,

By using last three inequalities and the inequality 2(7||A%ut||2 < 207 ?||A%u4||? in (40) we obtain

d 2
G (0) + (20 = T5 = e2)[[ A% |* 4 (200 — 223)[ A 2ul]* + 200 ARl < Fi(),  (41)
1
where
d? 1 0 1
Fu(t) := od\{T? | [Ma(1)]® + | — 2,
1) = |5 + =l ]}[xn+<@ A429>||f<>|

Finally we choose o = %b)\? and g9 > 0, £3 > 0 small enough and deduce from (41) the desired
estimate (37).

Remark 2.1. For the results on existence and uniqueness of solutions of the Kirchhoff equation
and the Beam equation we refer to [4], [6], [12], [14] and references therein. In [4] the author
studied the problem of long time dynamics of the autonomous Kirchhoff equation with structural
damping term, in [6] the author proved global solvability of initial boundary value problem for
the extensible beam equation with strong damping term.

3. APPLICATIONS

The Kirchhoff Equation with structural damping: Here we consider the problem:

O2u — alAu — al||VuHL2 Au+ (=AY 0 = f(x,t),2 € Q, t >0,
u(z,0) = ug(z), Gtu(:v,O) =uy, € 0, (42)
u(z,t) =0, x € 0Q,t > 0,

where d >0, 8 >0, a >0, 0 € [%, 1] are given numbers, 2 C R" is a bounded domain with
sufficiently smooth boundary 9Q and f € L?(0,T; L?*(Q)), VI > 0 is a given source term. This
equation can be written in the form (1), where v = 0 and A is the Laplace operator —A under
the homogeneous Dirichlet’s boundary condition. Then according to Theorem 2.2, the following
estimate holds ture

10u(t)lIZ2 () + ellult)l|F20 0y < R(E), (43)

where ||Opu(t) ”?‘19(9) + af|u(t )HH1+0 tends to zero with an exponential rate, if || f(¢)[|z2(q) — 0
as t — oo.
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Structurally damped beam equation: Here we consider the problem:

L
OFu + voiu — (04 + dfu%(w,t)dw) O2u + b(—=02)%0u = f(x,t),z € (0,L),t > 0,
0

(44)
u(z,0) = ug(z), du(z,0) =u;, z € (0,L),

u(0,t) = u(L,t) = 92u(0,t) = 02u(0,t), t > 0,
where
d>0,b>0v>0,a>0,0¢c[0,2] are given numbers, f € L%(0,T;L?(0,L)), VT > 0, (45)

is a given source term. This equation can be written in the form (1), where A is the Sturm-
Liuoville operator —% under the homogeneous Dirichlet’s boundary conditions and the domain

of definition H2(0,L) N H(0,L). According to the Theorem 2.3 we have
E3(t) = 0eu(®) 300, + Vw2400, £y < M (D),

where Mjz(t) — 0, t — oo, if [[f(t)|lr2() — 0 as t — oco. If f(t) = 0, then &3(t) tends to zero
with an exponential rate as t — oo.

Damped extensible beam equation: Finally, we consider the initial boundary value problem
for the equation describing the transverse motion of an extensible beam with structural and
external damping terms: (see [1])

L L
O2u + vdiu — <a +d [[Oyu)?dx + [ 8t8mu8mu> 02u + b(—02)?0u = f(x,1),
0 0

U($, 0) = ’LL(](J)), 8tu(xa 0) = U1,

u(0,t) = u(L,t) = 02u(0,t) = 02u(0,t), t > 0.
Here the parameters o, v, b, d and the function f satisfy (45). According to the Theorem 2.4 the
following estimate for the weak solution of this problem holds true

Ea(t) = 0u(t)l[770 0 + VIu®)Fr20,.1) < Ral?),

where Ry(t) — 0, t — oo, if |[f()|12(0) — 0 as t — oo, if f(¢) = 0, then &4(t) exponentially
tends to zero as t — oo.
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